Abstract. In this paper, we continue a previous study concerning different types of pseudo-convergences of sequences of measurable functions with respect to set-valued nonadditive monotonic set functions and we establish some pseudo-versions of Lebesgue and Riesz theorems in the set-valued case. We also characterize some important structural properties of fuzzy multimeasures.
Introduction
As it is well-known, convergence theorems for sequences of measurable functions play a very important role in classical measure theory.
Relationships among different types of convergences such as almost everywhere convergence, almost uniform convergence and convergence in measure were especially described by the fundamental results contained in the Egoroff, Lebesgue and Riesz theorems (Precupanu [19] ).
In non-additive measure theory, we mention the remarkable contributions of Wang and Klir [30] , Pap [18] , Denneberg [1] , Li and Yasuda [13] , Li [9, 10] , Li and Li [11] , Li et al. [14] , Murofushi et al. [17] , Kawabe [6, 7] concerning Egoroff's theorem, the papers of Li [9] , Song and Li [24] for Lebesgue's theorem or Sun [25] for Riesz's theorem and Jiang et al. [5] or Takahashi et al. [27] , Ha et al. [3] , Liu [15] , Li et al. [12] , Li [9] , Li et al. [14] , Li et al. [8] , concerning different 
x) a) autocontinuous from below (autocontinuous from above, respectively) if for every A ∈ A and every (B n ) n ⊂ A, with lim n→∞ |µ(B n )| = 0, we
b) autocontinuous if it is autocontinuous from above and autocontinuous from below.
xi) a) pseudo-autocontinuous from above (pseudo-autocontinuous from below, respectively) if for every A∈A and every (B n ) n ⊂A, with
b) pseudo-autocontinuous if it is pseudo-autocontinuous from above and pseudo-autocontinuous from below.
Definition 2.2.
We say that a set multifunction µ : A → P f (X) fulfils:
i) [20, 22] property (S) if for any sequence of sets (A n ) n ⊂ A, with lim n→∞ |µ(A n )| = 0, there exists a subsequence (
ii) [22] property (P S) if for any A ∈ A and any sequence of sets (
Unless stated otherwise, all over the paper we assume that µ : A → P f (X) is a fuzzy (i.e., monotone) multimeasure. By M we denote the class of all A-measurable real-valued functions on (T, A, µ), the space with the fuzzy multimeasure µ. Definition 2.3. We consider arbitrary {f n } ⊂ M and f ∈ M. We say that: i) [22] {f n } converges µ-almost everywhere (respectively, pseudo-µ-almost everywhere) to f on A, and denote it by f n a.e.
(respectively, µ(A\B) = µ(A)) and {f n } is pointwise convergent to f on A\B.
ii) [22] {f n } converges in µ-measure (respectively, pseudo in µ-measure) to f on A, and denote it by
iii) [20, 22] {f n } converges µ-almost uniformly (respectively, µ-pseudoalmost uniformly) to f on A and denote it by f n a.u.
Remark 2.4 ([22]
). The following statements are equivalent:
Set-valued versions of Lebesgue theorems
In this section, we present some set-valued versions of Lebesgue theorem. Firstly, using some ideas from [9] and [24] , we establish several set-valued versions of Lebesgue theorem. In this way, we give some characterizations for several important asymptotic structural properties of monotone set multifunctions. Proof. Take arbitrary A ∈ A and f ∈ M, {f n } ⊂ M. We observe that the set C of points t ∈ A at which {f n } is pointwise convergent to f can be written as
and so, A\A
If there exists a set B ∈ A ∩ A and {f n } is pointwise convergent to f on A\B, then for every m ∈ N * ,
We also observe that
To prove that µ is strongly order continuous, let us consider
We shall prove that lim n→∞ |µ(A n )| = 0. For every n ∈ N, we define the following functions:
We observe that f ∈ M, {f n } ⊂ M and {f n } is pointwise convergent to 1 on A\ A, so f n a.e. 
ii) Necessity: To prove that µ is continuous from below, let us consider
We shall prove that lim n→∞ h(µ(A n ), µ( A)) = 0. For every n ∈ N, we define f, {f n } as follows:
We observe that f ∈ M, {f n } ⊂ M and {f n } is pointwise convergent to f on A, so f n p.a.e. 
Then there exists B ∈ A ∩ A such that µ(A\B) = µ(A) and {f n } is pointwise convergent to f on A\B. Because µ(A\B) = µ(A) and µ is a fuzzy multimeasure, by (1) we have
By (2), we get µ(A\A
iii) Necessity. To prove that µ is pseudo order continuous, let us consider arbitrary (A n ) n ⊂ A and B ∈ A, with A n ⊂ B, for every n, A n ↘ A ∈ A and µ(B\ A) = µ(B). We shall prove that lim n→∞ |µ(A n )| = 0. For every n ∈ N, we define f, {f n } as follows:
We It only remains to prove that µ is null-additive. For this, take arbitrary disjoint B 1 , B 2 ∈ A, with µ(B 1 ) = {0}. For every n ∈ N, we define
Then f n a.e.
−→
Sufficiency: Suppose µ is null-additive and continuous from below and f n a.e.
A f . Since µ is null-additive, we have by Proposition 3.1 from [22] that f n p.a.e.
A f and by ii) we obtain that f n
Set-valued versions of Riesz theorem
In this section, we present some characterizations of pseudo-autocontinuity and we establish a pseudo-version of Riesz theorem.
Firstly, we mention the following generalization of the set-valued version of Riesz's theorem [31] and some of its consequences. 
Theorem 4.1 (Riesz type theorem). µ has property (S) if and only if for every

−→
Since any continuous from above fuzzy multimeasure is strongly order continuous, by [20] (Corollary 4.7), and by the above considerations we get: Remark 4.3. Let be arbitrary A ∈ A, f ∈ M and {f n } ⊂ M and suppose µ is continuous from above, with property (S). Then:
Using some ideas from [25, 26] , we also prove the following characterizations for pseudo-autocontinuity:
Theorem 4.4. If µ : A → P bf (X) is a (S)-fuzzy multimeasure, then the following statements are equivalent: i) µ is pseudo-autocontinuous; ii) µ is pseudo-autocontinuous from below;
iii) µ is pseudo-autocontinuous from above;
iv) µ is pseudo-null-additive and fulfils property (P S); v) µ is pseudo-null-additive and for every A ∈ A and every
Proof. In order to prove that i) ⇔ ii) ⇔ iii), it is sufficient to prove that ii) ⇔ iii):
iii) ⇒ ii): Let us assume that µ is pseudo-autocontinuous from above, but µ is not pseudo-autocontinuous from below. Then there exist ε 0 > 0,
ii) ⇒ iv) a) Firstly, we prove that µ is pseudo-null-additive. Indeed, for every A ∈ A, B ∈ A ∩ A, C ∈ A ∩ A, with µ(A\B) = µ(A), applying the pseudo-autocontinuity from below of µ for B n = A\B, for every n ∈ N, we get that
b) Now, we prove that µ has PS. Suppose A ∈ A, (A n ) ⊂ A ∩ A are so that lim n→∞ h(µ(A n ), µ(A)) = 0 and let be arbitrary ε > 0. Since µ is pseudo-autocontinuous from below, we get that
Analogously, also taking into account that µ is continuous from above, we get that there exists (
Applying property (PS) for A ∩ B n k and since µ :
Consequently, by the pseudo-null-additivity of µ, according to Remark
lim inf s (B n ks ∩ C) and µ is continuous from below, we have
By the hypothesis, there exists a subsequence (
It only remains to prove that v) ⇒ iii). For this, one can use the same method as in the implication iv) ⇒ ii), and Remark 2.4. Now, we are in position to give the following pseudo-version of Riesz's theorem: Proof. Necesssity. Let be (A n ) n ⊂ A such that lim n→∞ h(µ(A\A n ), µ(A)) = 0 and let us define for every n ∈ N, 
Concluding remarks
In this paper, we investigated for set-valued non-additive monotonic set functions, some relationships among the main types of convergences of sequences of measurable functions.
In this way, we insisted on different types of pseudo-convergences of sequences of measurable functions, such as, pseudo-almost everywhere (p.a.e.), pseudo-almost uniform (p.a.u) convergences and pseudo-convergence in measure (p.µ) and on the relationships among them, or with almost everywhere, almost uniform convergences and convergence in measure.
Thus, we obtained several set-valued versions of Lebesgue theorem and a pseudo-version of Riesz's theorem.
